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TECHNICAL NOTE 4173

AN ANALYTTICAL INVESTIGATION OF THE GUST-ALILEVIATING
PROPERTIES OF A SIMPIE PITCE DAMPER

By Normen L. Crablill
SUMMARY

The response to atmospheric gusts of a lightly damped airplane
model flying at a Mach number of 0.7 at sea level has been studied analyt-
ically with elevator f£ixed and with varying amounts of viscous restraint
of a mass-overbalanced elevator. Although in a sharp-edge gust the vis-
cously restrained mess-overbalenced elevator has negligible effect on the
motion of the airplane center of gravity until the first peak in the
normel-acceleration response of the model has been reached, the effective
demping ratio of the subsequent motion can be more than trebled by & suit-
eble choice of viscous restraint with some reduction in frequency of
oscillation. In continuous gusts, calculations indicate that for the
model considered there results a 20-percent reduction in root-mean-square
normal acceleration at the center of gravity over a broad range of eleva-
tor viscous restraint.

INTRODUCTION

Alrcraft operating in gusty slr experience loads which can be divided
into two types, according to thelr source: (1) loads due to the direct
effect of the gust and (2) loads due to motions induced by the direct
gust loads. Loads of the first type increase with airspeed and air den-
sity (see ref. 1), and those of the second type are significantly depend-
ent on the damping ratio of the short-period oscillation of the airplane
(see ref. 2) and the sirplane relative-density factor (see ref. 1).

With lightly loaded well-damped airplanes, the motions induced by
the gusts serve to reduce considersbly the overall loads in rough alr;
however, with heavily loaded lightly demped airplanes, the reduction due
to the motions is much less. Thus, means of gust-loads reductlon become
increasingly more desirable as the airplane relative-density factor
increases and the short-period demping decreases. This reduction can be
achieved (1) by countering the direct effect of the gust (see, for exam-
ple, refs. 1 and 3 to 10) and (2) for airplanes with low damping ratios,
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by altering the motions induced by the direct gust loads by increasing
the short-period demping ratio. To date there has been relastively little
work in this second direction, perhaps because of the limited alleviation
that might be expected from such a system (see ref. 11).

The purpose of the present paper is to Investigate analytically the
alleviation that can be obtained by a relatively simple system which
alters the longitudinal motions induced by the direct effect of the gust
loads. Thils simple system consists of a mass-overbalanced viscously
restralned elevator and is analogous to the simplified yaw damper reported
in reference 1l2. The calculations presented 1n this peper are limited to
an airplane model flying et one altitude and at one speed. This airplane
model has & relatively large pitching radius of gyration and static mergin.
Calculations were made for a wide range of viscous restresint, and the
resulting reductions in normal acceleration at the center of gravity were
determined.

ANALYSIS

Description of System and Outline of Analysis

The system studied in this paper 1s an airplane with a mass-
overbalanced viscously restrained elevator and is similar to the simpli-
fied yaw-demper system reported in reference 12, except for the use of
mass overbalance in lieu of adjusted hinge-moment paremeters. It was
decided to use elevator mass overbalance in this investigation because
of its inherent simpliclty and the difficulty in predlcting the effect
of elevetor modlficetions on hinge moment. The system has seven degrees
of freedom for the rigld alrplane, but when the motions are restricted to
the longitudinal modes with essentially constant forward speed, only
three degrees of freedom remsin: vertical translation of the center of
gravity of the airplane, rotation of the alrplane gbout the lateral axis
through the center of gravity, and rotation of the elevator about its
hinge axls. In the followlng enalysls, the differential equations
governing the motions of this system in its three degrees of freedom are
set up, and the dynemic stability of the system is studled from the roots
of the characteristic equation. Then, the response of the system to a
unit step gust input (indicisel response function) is obtained and used to
obtain the response to continuous sinusoidel turbulence (the frequency-
response function). Finally, the root-mean-square normal acceleration
in continuous random turbulence 1s obtained by utilizling power-spectral-
denslty techniques.
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Equations of Motion
In the snalysis the usual assumptions pertinent to the longitudinal
dynamic stabllity of a rigld aircraft with free elevators were made. The

resulting differential equetions of motion, based on the body-axis system
showvn in figure 1, are

Fg = uV(& - §) = qS (Czdla. + czﬁs) (1)

Cge) (@)

<™

My .—_IYé':qsa( m+%cmm&,+%cme,é+cm58+

Mp

Io(8 + 8) + 1egmx b - mexéV(é - &)

n

aSeCe (chaa + fl_—e chw& + Ev% che,é + Opgd + Ev‘i chﬁ,s) (3)

(The symbols are defined in sppendix A.) The force Fy 1s related
to &, through the equation

8p =-=7 (&)

The characteristic equation obtained from these differential equa-
tions is gilven in appendix B and has the form

7\(A7\1" + BN + 2 + DA + E) =0 (5)

The characteristic equastion (5) is of fifth degree with one zero
root, and there are three distinct types of motions, depending on the
value of Ch&" If the value of Chaf is less than a certain critical

value, there result two sets of complex conjugate roots corresponding
to the oscillatory ailrframe and elevator modes and the one zero root
which represents the indifference of the alrplane to pitch attitude.
If Chg. exceeds the critical value, two unequal negative real roots

result, representing the exponential decay of the elevator mode; the
alrframe mode is still represented by the complex conjugete pair and
the zero root. If Chﬁ, equals the critical velue, the two negative
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roots are equal. Thils condition corresponds to critical damping of the
elevator mode. This special case is not dealt with in this paper.

Response to Unit Step Gust Input

An elaborate formuletion of the problem of the response of the system
to a unit step gust Input, such as that given by Mazelsky and Dlederich
(ref. 13) and Brenner and Isakson (ref. 14) is not given herein. Instead,
the normal-~ascceleration indicisal-response model proposed by Press and
Mazelsky (ref. 2) was used in a modified form. In this normal-acceleration
response model it is assumed that after the alrplane encounters a step gust
directed normal to the flight path "the shape of the response curve up to
the peak acceleration depends primerily on the gust penetration function
(Kiissner function). After the peak value . . . the character of the response
appears to be primerily e functlon of airplane stability and to approximate
the short-period oscillation of the airplane." (See ref. 2.) Or, in equa-
tion form,

an(s) = an,max sin % (0 < 8 < sp) (6)

=R
°p

al(s-sp)

a,(s) = 8y max® cos B(s - SID (sp < &) (7)

This response model has been used successfully by Vitale, Press, and _
Shufflebarger (ref. 15) in predicting root-mean-square normal acceleration
on & transonic tailless rocket-propelled model. In the present study a
more nearly exact representation of the short-periocd oscillation was

used and the penetration effect on the tail was accounted for in an
approximate manner that agrees at least quaelitatively with the tail effects
shown by Mazelsky and Diederich (ref. 13) and Brenner and Isakson (ref. 14).
In reference 1k, it is seen that the tall begins to develop an appreciable
fraction of its quasi-steady 1lift only after it penetrates several taill
chords into the gust and that, for high mass ratios, practically no transle-
tion or pitching occurs until this time. Accordingly, it was assumed that

(1) No vertical translation or pitching of the airplane occurred
until after the tail had penetrated 2 tail chords into the gust (total
penetration of 4 wing chords).

(2) The wing 1ift equaled its quasi-steady value after it had pene-
trated 4 wing chords into the gust and was a sine function of the pene-
tration distance before this time. :
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(3) The tail 1ift equaled its quasi-steady value after it had pene-
trated 2 tail chords into the gust and was zero before this time.

The assumptions are not valid for all slrplanes, but are thought to
apply sufficiently well for this configuration in a heavily loaded condi-
tion (high mess ratio). The discontinuous development of the tail 1lift
causes discontinuities in normal acceleration and pitching moment which
approximate the more exact variations indicated by reference 1% for an
airplane with a high mass ratio.

The elevator effects were treated by assuming that

(l) The transient aerodynamic hinge moments occurring up to the first
peak were insignificant in comparison with the artificial viscous hinge
moments and the inertia moments of the mass-overbalanced elevator.

(2) Subsequent to the first peak, the serodynamic hinge moments
could be represented adequately by quasi-steady values.

The normal-acceleration and pltching responses up to 4 wing chords
penetratlion can be written down immediately as a consequence of the

assumptions. Thus, since ag = %b

-C
_ Fg Zg,,WB 7 t
&8n —-T = (——-—ml, E)Sin %g (8)
8 =0 (9)

The elevator motlon obtained by solving equations (1) and (3)
simultaneously subject to the conditions of equations (8) and (9) and
of zero aerodynamic hinge moment but with ertificial viscous restraint
is given by

_ o, Kt K
5 =Ky L. 1\ -9 ¢1” . gin @t + E; cos w,t (10)
moKl w 02 + KlE/ Kl °

As was pointed out previously, it is assumed that, subsequent to the
first acceleration peak, the alrplane is free of unsteady-1ift effects
due to penetration into the gust; that is, its 1lift can be given ade-
quately by quasi-steady values. This assumption is equivalent to the
assumption that the model responds essentially in its short-period longi-
tudinal motion subject to the initial conditions
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a(tp) = §

G(‘tp) =0

8(tp) = Bp} (11)
é(’cp) =0 |
3(tp) = BPJ

where Bp and 513 are obteined from equation (10) at t = tp. The solu-

tions of equations (1), (2), and (3) subject to the initial conditions
glven by equations (11) are the solutions required. These solutions,
representing a, for the two types of motlons, are given as functions of

the nondimensional penetration distance s = l_:b—:
¢

For Cpg, < (Chat) op?
ay(s) = (:z—?@ %) oL (B‘SP) [Al cos B(s - sp) + B; sin B(s - sp)] +

e

op (s-5p) [c

j cos A( - sp) + Dy sin A(s - sp)] (12)

For Cpg, > (chs,) op?

ay(s) = <—i_lza _g_) {ea,l<5-sp> [Al cos B(s - sp)m-+ B, sin B(s - sp):, +
016%5 (B=p) 4 p, % (S'SP)} (13)

For Cpsy = - (elevator fixed),

ml

ap(s) = <_'_C_Z.0_b %’) o1 (s-8p) [Al cos B(s - sp) + By sin ﬁ(s - sp)] (14)
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The expressions for 6 and & are similar and are given in appendix C
together with the procedure for the determination of the constants Al,

By, Ci, and Dj.

Note that, for the elevator-fixed case, the representation of the
short-period mode (eq. (14)) contains & sine term which does not appear
in the simplified representation assumed by Press and Mmzelsky (eq. (T)).
Although the resulting representation of the short-period mode (eq. (1k)),
is more nearly exact, 1t is only sn approximate representation of the
oscillstory response of the airplane subsequent to the first peak, since
the penetration effects on the serodynemic derivetives probably persist
for more than the 4 chords assumed.

Response to Contlnuous Gusts

The gust frequency-response function or the response of the airplane
to an infinitely long succession of gusts of the form

_ 1
ag = I sin wgt (15)

can be obhtalned from the normal-acceleratlon indicial-response functions
(egs. (12) and (13)) by the relation

Fo(iv) = ivk/ﬁm an(s)e-ivsds (16)
0

e
where VvV = 9%—. The integrations for the two cases have been performed
and are given in appendix D. For subsequent calculations with the atmos-

wgC
pheric power-spectral-density function, the frequency varisble v = —%—

is transformed to § = %?u Thus ( 1s independent of the airplane speed
and size and is based soclely on atmospheric characterilstics.

The power spectrum of the normal acceleration was computed from the
equation

2
2,(0) = 00 (2)|Fy(d0)]| (17)

The power-spectral-density function of the atmosphere wes assumed to be
given by
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_ (Intensity constant)2 _ 1 (18)

: a) = a2 a2

atmos(

In the present study, veriations in atmospheric gust intensity were not
considered and the unit intensity constant was used for all calculations.

The root-mean-square normel acceleratlion was then found from the

relation
o 1/2
o, = [fo ¢n(9)dﬂ] (19)

These results (egs. (17) to (19)) from the generalized harmonic analysis
of gust loasds are teken from reference 2.

CAICULATIONS AND RESULTS

An outline drawing of the airplane configuration chosen for applica-
tion of the foregoing theory is given in figure 2. The straight horizontal
tall was chosen to give a straight hinge line. Some of the pertinent char-
acteristics of this airplane are given in table I. The size was chosen to
be comparable to the rocket-powered models tested by Vitale, Press, and
Shufflebarger (ref. 15). The serodynamic characteristics of the wing-body
combinstion were based on tests by Spreemann and Alford (ref. 16); the tail
and elevator data were taken from results of a test by Turner (ref. 17).

When this investigation was first undertaken, the roots of the charac-
teristic equation were obtained for this airplane with a mass-balanced
elevator; the results indicated relatively little effect of the elevator
mode on the airframe mode for any value of Char' A value of mass over-

palance (xe negative) sufficient to halve the E term in the characteristic
equation was chosen for further calculations. For lg flight under the
assumed flight conditions, the trim elevator angle corresponding to the
mess overbalance was =0.47°.

The period and demping of both the airframe and the elevator short-
period modes are given in figure 3 as functions of ChS" (Note that

Chgr = - corresponds to elevator fixed.) The gust indicisel responses

in a, eand & are shown in figure 4 for Cpge =0, -62.5, =175, and -~w;
the 6, &, and 5 responses are also given for Chpg, = -175 and -«. The
remaining calculations were done for ChS' = 0, -62.5, -175, =250, and -w.



NACA TN L4173 9

The amplitude ratios of the normal-scceleration gust-frequency-response
functions and the corresponding power-spectral-density functions are shown
in figures 5 and 6, respectively. The root-mesn-square normal-acceleration
response (fig. 7) was then determined by graphically integrating Qn(ﬂ).

DISCUSSION

Stick-Free Stabillity

The effect of viscous elevator restraint on the classical stick-free
stability of the alrplane 1s shown 1n figure 3. It is seen that the addi-
tion of viscous dasmping can more than treble the effective damping of the
airplane short-period mode (as compared with stick-fixed), and is extremely
effective in lmproving the damping of the elevator mode as could be expected.
(Note that Chgy: due to aerodynamic effects alone is only on the order of

-1 to -10.} 1In the vicinity of Ch5, = =80, the aforementioned eriticsl
value of Chﬁ' is resched. At this point the oscillastory elevator mode

disappears and 1s replaced by two exponential convergences; for further
incresases in Ch&' the motion can be practically represented by s slngle

exponential decay. It 1s interesting to observe that the peak in the

airfreme-period curve occurs in the vicinity of (Chﬁ')cr'

Gust Response

Discrete gusts.- Comparison of the time histories of the gust indicial
responses for Cpg: = O, -62.5, -175, and -= (fig. 4) shows that viscously

restraining the elevator markedly influences the motlion subsequent to the
first peak. For Ch&' = «175, Qa = 0.565, and the subsequent oscillations

practically disappear in one cycle; whereas for chS‘ =, o, =0.175, and

about one-third of the original amplitude remains after 1 cycle. This
favorable effect of the elevalor motion is accomplished with only small
elevator deflections (8 = 0.05°) and velocities (& = 2.2° per second) for
a gust veloclity of 1 foot per second. Hence the drag penalty due to th
action of the elevators would be insignificant. '

Continuous gusts.- The normal-acceleration gust-frequency-response
function for Chg, = O (fig. 5(a)) exhibits two peaks; the low-frequency

peak corresponds to the osclllstory airframe mode and the higher frequency
peak to the oscillatory elevator mode. In considering the magnitude of
the elevator-mode peak, it must be kept.in mind that there is no damping
at all in the elevator circuit, and the addition.of even a slight amount
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of viscous restraint corresponding to the aerodynamic damping of the
elevator (Chﬁ' = -1 to -lO) would substantielly lower this peak (see

fig. 3(b)). The small smount of damping which exists in the elevator v
mode is provided by the dynemic coupling with the airfreme mode. For
ChB' = -62.5, although the elevator motion is still oscillatory, the peak

has disappeared. For values of v > 0.2, the frequency-response function
is practically the same for all values of Chgr Dbecause of the predomi-
nating contribution of the initial quarter sine wave in the normal-
acceleration indicial response at these frequencies.

The power spectrum of the normal-scceleration response (fig. 6) indi-
cates that practically all the power in the normasl-acceleration response
occurs near the natural frequency of the alrframe. Note that, for
Ch&' = =175, the normal ascceleration at the airframe natural frequency

hes been reduced 48 percent below that experienced with Cha' = - but
that at lower frequencles the accelerstion is somewhat greater.

The principal results of this investigation are presented in fig-
ure 7. Therein, the root-mean-square normsl accelerstion of the alrplane
in continuous rough air, normalized with respect to that obtained with
fixed elevator, is given for four values of viscous restraint. The i
ratio Unfcn,S:fixed is seen to be about 1.07 for no viscous restraint

and decreases rapidly with the initial increase in Cpg,. A flst minimm "
of about 20-percent alleviation is reached for Chﬁ, = =125 to -250;

although computations were not made for higher values of Ch&" it seens

reasonable to expect that the curve would follow & gradusl upward trend
with increasing ChS' and approach 1.0 asymptotically.

The dashed line in figure T labeled "Simple indicial-response model"
is based on the simplified response model used by Press and Mazelsky
(egs. (6) and (7)) and permits the determination of o, if the effective s

values of airplane short-period stability parameters, that is, damping
ratio §; and frequency by, be known. The omlssion of the alrframe sine

term from the indicial response model (see egs. (12) to (14)) evidently
causes the simplified method to overestimate the alleviation near optimum
Chgr and to underestimate it for low values.

Other considerations.- In all the foregoing analysis and spplication,
the moments acting on the elevator have been assumed to be significantly
larger than moments due to static friction. Also, no provision was made
for elevator control, since the elevator used for the analysis occupied -
the entire exposed trailing edge of the tall. In a practical application
to an actual airplene, it might be feasible to employ a split elevator,
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one-helf being used for control and oné-half being used for asuxiliary
damping. ©Such an srrangement would also insure that the elevator motions
required for damping would not be interfered with by the action of the
pilot in holding the control stick. The system could be optimumized at
cruising speeds; if the actlon of the system proved objectionable &t the
lower speeds experienced during climb and descent, it could be locked
out, since the highest speeds likely to be attained are the criticsal
speeds.,

The effects of changes in speed, Mach number, and altitude on the
optimum values of ChS' have not been investigated and the optimum values

of I, X, Chm’ and Ch8 for this and other values of static margin

have not been determined. Also, since mass overbalance is used, there
would be & small hinge moment due to longitudinal accelerations and =
reduction in stability in steady pull-ups, with possibly some effect on
the phugoid mode. 1In spite of these possible effects, the system does
appear to offer a usable margin of gust-load alleviation for lightly
damped alrcraft, eand 1t is especislly attractive in view of its inherent
simplicity and reliability.

CONCLUDING REMARKS

The gust response of a lightly demped sirplane model flying at a
Mach number of 0.7 at sea level has been studied analytically with eleva-
tor fixed and with varying amounts of viscous restraint of the mass-
overbalanced elevator. Although the viscously restrained mass-overbalanced
elevator probably has neglligible effect on the airplene motion until the
first peak in the normel-acceleration response to a sherp-edge gust has
been reached, the effectlve damping ratio of the subsequent motion can be
more than trebled by a suitable cholce of viscous restreint with some
reduction in frequency of oscillation. In continuous gusts, calculations
indicate that for the model conslidered there results a 20-percent reduc-
tion in root-mean~square normal acceleration at the center of gravity over
a2 broad range of elevator viscous restraint.

Langley Aeronautical Laborstory,
National Advisory Committee for Aeronautics,
Langley Field, Va., September 10, 1957.



12

NACA TN 4173

APPENDIX A

SYMBOLS

Positive directions of displacements, velocities, and accelerations

are shown in figure 1.

8

8n

e

real part of characteristic-equation root pertaining to
airframe mode

normel-scceleration increment from trim due to gust of 1 ft/sec,
g units ’ ) '

imeginary part of characteristic-equation root pertalning to
airframe mode

real part of charscteristic-equation root pertaining to eleva-
tor root

mean aerodynemic chord of total wing

mean aerodynamic chord of exposed elevator

imaginary part of characteristic-equation root pertsining to
elevator mode

base of natural logarithms, 2.7182 . . .

Fo(iv),F,(1Q) gust frequency-response functions

Fy,

g

force parallel to Z-axis

acceleration due to gravity, 32.17 ft/sec?
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o

I mass moment of lnertia of elevator.about hinge axis
I _ =_1e

e,l ch-:'e

= '
Ie,2 Ie,l e
Iy mass moment of lnertls of airplane sbout lateral axis through
center of gravity

Ty, =~k

I gSc

v
Tv,e=Iy,1 3

1le distance from center of gravity of model to center of gravity
of elevator

m mass of airplane

n -2

Ne mass of elevator

M, serodynamic hinge moment on elevator teken about hinge axis
MY piltiching moment about center of gravity

M, free~stream Mach number |

P period of oscillatory motlon, sec



1h

1/2

" < £

]

£ M <k

2
< <|
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dynamic pressure, 1b/sq £t

distance penetrated into gust, taken from leading edge of

exposed wing root chord, %?

wing ares
time

time for motion to damp to one~hself amplitude

component of V salong X-axis

free-stream airspeed

welght

component of V salong Z-axils

distance from elevator hinge exlis to center of gravity of
elevator, positive when center of gravity ls rearward of
hinge exis

longitudinal body axis, positive Porward

lateral axis, positive toward right wing tip

normal body axls, positlve downward

angle of attack, radisns
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B =%
Y4 flight-path angle, radians
& elevaetor displacement, radians (unless otherwise noted)
A =8c

v
4 demping ratio
€ pltch attitude, deg

.8

= £

vVETY
Opn root-mean-square normal acceleration

Qatmos(g) power-spectral-density function of the stmosphere

¢n(9) power-spectral-density function of the normal-acceleration
response in continuous rough air

Wg circuler frequency of sinusoidal gusts
05 = o

- _I
®, = Bt
o-=-28

v

Subscripts:
a ailrframe
cr critical
e elevator
WB wing=-body
P pertaining to the first peak in the normal-acceleration response

Bdrixed elevator fixed
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Derivatives are denoted by subscript notation, thusly:
c X2 and so forth
Zq‘—-&x'— ana so _0
Differentiation with respect to time is dencted by a dot, thusly:

-

at

whereas differentiation with respect to distances (in wing chord lengths)
is denoted by a prime, thusly:

however, - : -
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AFPENDIX B
THE CHARACTERISTIC EQUATION

The characteristic equation obtained from the equations of motion
is

AMaat B0 + oA+ DA+ E) = 0 (1)
where

A=1 (B2)

-C t Cmg t ¢ 1
B = % _(me +Cma, + Za.)+<l+1emexecmﬁ (B3)

Te | T2

Te /IY,l ) Ie,l

o = Ch6l<cmel N cmall + CZG) _ m-l- <l+ ZemEXE\CmE Ch6 .

C2q|Cugr _ Q+Lemsﬁ)c_m’g_ +C_Z_s_<l+£e_mie)£:_

Iy,ol ™ Te

(Chﬁ' _ Vmexe) - Cm5'<chcc' + Che') (Bk)

IY,2 Ie IY,2 Ie,2 Ie,2
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D=

'Cha /Cme' CZq, Cma,) AR . (Che' +Vmexe)cma'

e 2 \IY,E 1 IY,l m1 Ie,l Ie,2 Ie IY,E

(1 + emexe\cma . Czg < emexe\cmu, _ _l<§he, Vmexe)cmOL .

e /1,1l m Te Joy,1 Te,1 , 2 Yo [y,

(gh_g; vmexe)cme- . g [Cag. Cmm)_cms hm'+che')_cma'c

Te,2 Lo JIy,o| Te,1\ly,2  Iv,e/ Iy,1Vle,2 e,/ Iy,2 Ie,1
(B5)
g (e %5 Cm Chg +CZG(Che:+Vmexecm5 _ Omor O |
1 te,1 Tr,ile,y) ™1 |\ley2 Te JIyy Iy Ien
€25 |®hg, Cmgr _ [Chg: +vmexe\cmcx. (86)
™ le,1 Tr,2 \le,2 0 T Jly

The roots of the characteristic equation are as follows:

For Cpge < (Chﬁ')cr’

7\1’2 =a t ib

which corresponds to the short-period mode of the asirframe;
-Aj,ll' =c t id .
which corresponds to the short-period mode of the elevator; and
N =0
which corresponds to indifference of the alrframe to pitch sttitude.

For ChS' > (Chb') or?
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which corresponds to the short-periocd mode of the airframe; K3 and N

are negative real roots which correspond to the exponential decay of the
elevator mode; and

7\5=0

which corresponds to pitch indifference.
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APPENDIX C
RESPONSE TO UNIT STEP GUST INPUT

The responses to a unit step gust Input are gilven in terms of the
nondimensionsl penetration distence s = 1_:9
c

Por 0<8s8< s

P’

() = “Zo¥B L g1 5 o (c1)

8) = =8 —

&n m g 1z sp
() = 0 (c2)

ch-: .
-1 1 we V. Wt Ky Wt
5(s) = + - e - s8in — 8 + COS —— 8 C

(s) = Kol gem <%2 " K12) Ry v Do v (c3)

For 8y <8<« and chﬁ' < (chﬁ)cr’

i = (g 1 e 0 e o= )]

.

e“e(s-sp) :01 cos A(s - sp) + Dy sin A(s - sp)] (ck)

6(s) = eal(s-sp) [A2 cos 3(5 - sp) + Bo sin B(s - sp):l +

e

% (s- 5p) [

Co cos A(s - sp) + Dy sin A(s - sp)] + Es (C5)
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5(s) = ea,l(s-sp) [AB cos B(s - sp) + B5 sin B(s - SP)] +

ea,g(s"sp) [05 cos A( - sp) + Dy sin A(s - sp):l (c6)

For Sp < < =« gnd Ch&' > (Cha')cr’

-C 5=
(Y )mrta]

ua(s—sp) . Dleoql_(s-sp)} (1)
oy (s-8p)
8(s) = e [Ag cos B(S-SP)+32 sin 5(3..31’)] +
Caem§ C-2) + Dze%(s-sp) + BEp (c8)
8(s) = (s‘sp)[
s) = e A3 cos B(s-sp) +]35 sin B(S-SP)] +

0y (5-sp) |, D™ (s-2p) (o)

It should be pointed out thet the arbitrary constants are A;, Bj, Cj,
D;, and Ey. The remalning constents, Ap, A3z, Bp, Bz, Cp, Cj, Do,
and D5 are the modal constents and are linear functions of the arbitrary

constants and the stability derivatives, mess parameters, and flight con-
ditions. These constants were determined by standard mathematical
techniques.
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APPENDIX D
RESPONSE TO CONTINUOUS GUSTS

The normel-acceleratlion response of the airplane to an infinitely
long succession of gusts of the form

g V sin a t = § sin(‘év)t (p1)

is given by the following equation for Chﬁ' < (Cha')cr

Pn(iv)
-Cza; C&WB %_{mszv- vz[v cos vsp + i(u)s - v 8in vsp)]} +

mlg

(Ev(af - 32 + v2)cos vsp + (.q,l) (“12 + 82 vz)sin vsp] +

Al(”“ + 2(? - 7 (w2 + 52)" |
i[—v @.12 - ﬂa + ve)sin vey + (—a,l) (u.12 + 52 + ve)eos vsp]}> +

Bl<vl“ + 2(%2 - 32;?;2 . ("'12 . 52)2 {["(’a“’l)"“ vey + (012 + 82 - v2)sin vgp] +
i[—v(—aml)sin vep + (“12 + p2 - v2)cos vsp]}) +

cy L4 —- ¥ 2. 224 VPcos vay + 2+A2+v251nvsp +
(V)"'+2( {[ (o2 °r (-a?)(a'z ) ]

w? - )2 + (o2 + 22)
i[—v (0.22 - A2y va)_sin v, + ("%)(“22 + A% va)cos VSIJ}) +
Dy A 5 ['v (-2::.2)cos vs_p_ +_(f1'22 + Aa - va)sin vsp] +
M 2(0:.22

- A2) V2 + (0.22 + A2)

i [-v(—EcLe)sin vap + (a.aa + A% - vz)cos vap]}) (p2)
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For Cpg, > (Cha') op’ the expression for Fp(iv) is modified only in the

C;, and Dy terms. These terms now become

Cy V—2 {[v cos vsp + (—aS)sin vsp:! + i[-v sin vs, + (—oc5) cos vsp]}

V2 + C!,5
(D3)
and
v - -
Dy = %_2 [v cos vep + (-all_) sin vsp:l + il:.v sin vey + ( cr,h_)cos vsp]
(D)

In either case, the initisl term

v I
> 3 Y CcOos wsP + i(cus v sin vsp)] + 5

(DS - Y

when Wy = V.
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TABLE I.- PERTINENT ATRPLANE CHARACTERISTICS

Geometric characteristics:

S, sgft « «
3, £t
Aspect ratio .

Sweepback, deg .« o o o
Taper ratio, deg . . .

Distance from center of
gravity to 0.25 mean
aerodynamic chord, ft

Mass characteristilcs:
m, SIUES « ¢ o s o o« =

Mg, BLUEE « o o o & «
IY, Blug—fta e o 8 s @
IY,e, Slug—ftz s e & @

xe/ce 5 & e @ & & &

Flight conditions:
Altitude, £t
Static pressure, lb/s

My
a,, b/eq £t .« . . . .

ft
Veloelty of sound, ft/sec

V, ft/SeC «a & 8§ ® ® = s o

Aerodynemic cheracteristics:

C
Zo,

CZB s * o e e ¢ ¢ o
CZQ,,WB s & e ¢ & & e @

SP, Wing chords « « « »

Cmm o s s s e e e
Cm6 v e s e e s e

Oy oo v e e e

aAll calculstions
bAt quarter~chord

cAt hinge line.

based
line. -

. =4.25
. 0
. =3.87
. I3
-1.162
-0.556

-0.87

Wing
377
1.068
k.o

bys.0

0.300

Chm'
Ch 8 g_
ChS'

Stablilizer

on exposed elevator

0.
O.

565
384
h'.o

bo.a

o.

600

2.31

NACA TN L4173

Elevator®
0.10
0.0895

.« o 5.00
. 0.026k

... 6.60
0.000293

-0.3366

-}"‘ .l5
* e O
. "o L] 100

. =0.484
-1.95
-5.28

0 to ~»

dDistance from center of gravity to elevator hinge axls.
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Figure 1.- Body-axis system used in analysis. Axes remain fixed relative to ailrplane.
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Figure 5.- Normel-acceleration gust-frequency-response functions.
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